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INTEGRAL PRESENTATIONS OF QUANTUM LATTICE HEISENBERG 

ALGEBRAS 

DIEGO BERDEJA SUAREZ 


Abstract. We give integral presentations of quantum lattice Heisenberg algebras by view¬ 
ing them as Heisenberg doubles. Our presentations generalize those appearing previously in 
the literature. 
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1. Introduction 

The Heisenberg algebra has its origins in the description of the relationship between 
the momentum and position operators of quantum mechanics, as well as the creation and 
annihilation operators employed in the description of the quantum harmonic oscillator. It 
also plays a vital role in Lie theory, especially in the held of vertex operators. 

More recently, mathematicians have been developing so called categorifications of the 
Heisenberg algebra and its quantum analogues (see [Khol4, CL12, LS13, SV12, LS12, SY15, 
RSlSa, RS]). In categorihcation, generators with nice integrality properties are often an 
important ingredient. The usual presentation of the Heisenberg algebra is in terms of a 
generating set that does not possess these properties. Thus, the categorihcation literature 
often works in a diherent presentation. 

The goal of the current paper is to develop explicit formulas for integral presentations 
of quantum lattice Heisenberg algebras (the Heisenberg algebras appearing most often in 
categorihcation). While some special cases of these formulas have appeared before in the 
literature, the description in the current paper is more complete. We obtain the integral 
presentations by adopting the point of the view of the Heisenberg double. In particular, 
the Heisenberg algebra is the Heisenberg double of the Hopf algebra of symmetric functions. 
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Then our presentations arise from considering the complete and elementary symmetric func¬ 
tions as generators and performing computations in the Heisenberg double. This approach 
towards quantum lattice Heisenberg algebras, followed, for example, by Rosso and Savage in 
[RSlSb, RS], simplihes proofs. 

We begin in Section 2 and Section 3 by reviewing the concepts of Hopf algebras, Hopf 
pairings, and the ring of symmetric functions. In particular we show, in Proposition 3.1, 
that a Hopf pairing of hnitely many copies of the ring of symmetric functions with itself 
is uniquely determined by its values on the power sum symmetric functions. In Section 4, 
we discuss the graded dimensions of the symmetric and exterior algebras of Z-graded vector 
spaces, since these algebras appear in our presentations. Finally, in Section 5, we state 
our main results. Namely, we give two integral presentations of quantum lattice Heisenberg 
algebras in Theorems 5.3 and 5.4. We conclude with pointing out the connection between 
our results and those appearing in the literature. 

Note on the arXiv version. For the interested reader, the tex hie of the arXiv version 
of this paper includes hidden details of some straightforward computations and arguments 
that are omitted in the pdf hie. These details can be displayed by switching the details 
toggle to true in the tex hie and recompiling. 


2. Hope algebras, Hope pairings, and the Heisenberg double 


In this section we recall the dehnition of the Heisenberg double. We begin with the 
concepts of Hopf algebras and Hopf pairings. For the remainder of the paper, we hx a held 
k. Unless otherwise indicated, vector spaces, tensor products, associative algebras, Hopf 
algebras, etc. are over this held. 

Definition 2.1 (Graded Hopf algebra). A Z-graded Hopf algebra is a tuple {H, V, e. A, rj, S), 
where H = with each He a hnite-dimensional vector space, such that (FT, V,e) is 

a Z-graded algebra, {H,A,ri) is a Z-graded coalgebra, and S': iF —)■ iF is an antipode. This 
means, in particular, that the following conditions are satished: 

V(FF, 0 FF,) C He+d, HHc) C 0 FF, 0 FF,_,, 

dez 

? 7 (k) C FFq, e(FFc) = 0 for c 7 ^ 0, 

V o (S' 0 1//) o A = V o (Ij^ <S) S) o A = e o rj. 


Definition 2.2 (Hopf pairing, dual Hopf pair). Fix two Z-graded Hopf algebras Ff+ and 
H~. Then a bilinear map 

H^ X H- —^k 


is a Hopf pairing if 


\H7xH 


- = 0 


for all c,d ^ Z and c ^ d, and we have 
(2.1a) {xy, a) = (x 0 y, A(a)), 

(2.1b) (x, a 6 ) = (A(a;), a 0 6 ), 

( 2 . 1 c) {lH+,a) = T]{a), 

( 2 . 1 d) {x,1h-) =v{x), 
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for all x,y ^ and a, 6 G H~. Given snch a Hopf pairing, we define 

(— , —): G H^) G (g) H~) — > k, (x ® i/, a 0 6) t-A {x, a){y, b). 

If the Hopf pairing is nondegenerate, we say that are a dual Hopf pair. 

When dealing with Hopf algebras, it is often nsefnl to nse Sweedler notation. For any 
Hopf algebra if, and a E H, we write 

«l,i G) 02,* = ^ Oi 0 02 e -H 0 if, 

i (a) 

where Oj,* G H for all i and for j = 1, 2. 

Definition 2.3 (Heisenberg donble). The Heisenberg double i){H~^, H~) associated to a dnal 
Hopf pair {H~^, H~) is dehned as follows. We set H~) = H^ 0 H~ as k-modnles, and 

write affx for o 0 t as an element of H~), with o G H^ and x G H~. We dehne the 

mnltiplication of two elements of \){H^, H~) by 

(2.2) (a#a;)(6#?/) = {xi,b2)abiifx2y, 

(x),(b) 

extended linearly. It can be shown that this endows f)(H~^, H~) with the structnre of an 
associative algebra. 


3. The ring of symmetric functions 

In this section, we recall some basic facts abont symmetric fnnctions. We refer the reader 
to [Mac95, §1.1 and §1.2] for details. 

We let P denote the set of partitions. We reserve Greek symbols to denote partitions. 
For A G P, we let A* denote the i-th part of the partition A. We let |A| denote the snm of the 
parts of A, i.e. |A| = ^ A*. We may also write A h n for |A| = n. We dehne f'(A) to be the 
length of A, i.e., the nnmber of nonzero parts of A. For A; G N, we let /i 0 fc be the partition 
y with a part k removed. If y has no part A;, then we set yQk to he the empty partition. In 
an analogous manner, we dehne /x © A; to be the partition y with a part k added. We then 
let yU © A = (• • ■ (yu © Ai) © • • •) © \i(X)). Similarly yu © A = (■ ■ ■ (yU © Ai) © • • •) © A£(a)). We 
let mi{\) denote the number of parts of A equal to i. 

Now hx a hnite set / = {1,2,..., |/|}. We let bold Greek symbols denote elements of 

. For A G P'^, we let A* denote the Pth partition, i E I. We set |A| = J2ikK: 

£(A) = We interpret A © ^ to be the element of whose Pth partition is A* © /x* 

for all i E I. Finally, we let A © [ay be the element of P^ whose x-th partition is A* © dtja. 
Note that A © 0 = A. 

Following [RSlSb, p. 1068], we dehne A to be the sequence of elements of M>o x /, in 
lexicographical order, such that the element {k,i) appears mfc(A*) times. In other words A 
consists of all the parts of the i E I, with their “color” i recorded. 

We will write the n-th term of the sequence A as 

An = (part (A„), color (A„)) G N>o x /, for rx = 1,..., i{X). 

Let Sym denote the ring of symmetric functions in countably many variables Xi,X 2 ,... 
with coehcients in Z and dehne Sym^ = Q 0^ Sym. It is known that SymQ is generated as 
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a Q-algebra by the power sums: 

OO 

SyniQ = Q(8)z Sym = Q[pi,j92, • • •], = neN. 

i=l 

Consider the tensor prodnct Hopf Algebra Sym^'^. We have that Sym^'^ is generated by 
{Pn,i I n G N>o, i E I}, where here, and in what follows, the second snbscript indicates 
the factor in which an element of Sym lives. For example, Pn,i denotes the simple tensor in 
Symg'^ with Ath component eqnal to Pn and all other components eqnal to 1. 

The coprodnct on Sym^'^ is determined by 

(3.1) ^i.Pn,i} 1 $§ Pn,i T Pn,i ® !• 

For A G P and A G P^, dehne 

m 

p\ = Ylpxi, p\ = Ylpx\i- 

i=l i€l 

Thns, the px, X G , form a basis for Sym^'^. 

The complete symmetric functions r G N, and elementary symmetric functions e^, 
n G N, are dehned by 

(3.2) 

\\\=r Ahn 

where 

(3.3) = 

i>l 

By convention, we set Cq = Po = = 1- We have 

Sym = Z[hi,h2,...] = Z[ei, 62,..., ]. 

In other words, the and e„ generated Sym over Z, as opposed to the Pn, which only 
generated Sym^ over Q. We have (see, for example, [ZablS, Prop. 3.2]) 

n n 

(3.4) A(/l^) ^ ^ hr hn—r', ^ ^ ^ ^n—v 

r=0 r=0 

Let ns now grab two copies of Sym^^, rename them and H~ , and consider the asso¬ 
ciated Heisenberg donble f)(iL“*’, iL“). For the rest of the paper, we shall consider bilinear 
forms on Sym^^ 0 Sym^^ of the type described in the following proposition. 

Proposition 3.1. Let I be a finite set. Fix a G k for every i,j^I and n G N. Then 
there exists a unique Hopf pairing (—, —): Sym^^ 0 Sym^^ —)■ k such that 

(3.5) {PriJ^Piriji) dnmCj^. 

This pairing is given by 

i{\) 

(3-6) (PA,P/i) = 5 £(A)/(/x) n '^P^''hAr)>Part(£i_^^^j)C'color(A],),color(£t )5 

<^e5,(x) r-=l 
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for all A, /X G . In particular 

(3.7) {PAJ.P„) = 


k>l 


Proof. The coproduct of the px is given by (cf. [Mac95, Eq. 3.2]) 




/i®v=A i=l ^ 


Thus, we have 

{px(^Pu,A{p^)) 


jei k>i ^ 

mk{ai) 


Q;0p=/i, 


cx(BI3=fJ, jGl k>l 

m 


E TT TT r r ^part(A^) ^part(i/J 

1111 ^part(E),part(a^(^))Opart(rp 

mkiia^) 


o' 65£(A) r=l s=l 
7"S5£(iy) 


e{x®u) 

E n 


^ ”P“(i®PJ.P“‘<'l,(r)lGolor(^p,color(j; ) 

^ o-GS^(x)XS£(^) r=l 

part (A®t/ „) 

Ipart (A®iP ^),part(/£^^^pGcolor (A®iy „),color(At^^^ 


part( A®iP ^) 


- X] 5£(A),q«)5q,p),q/3) JJ JJ 

Q!®/3=/i j(zl k>l 

^(A®ip) 

= <^qA®i.)/(M) TT ^1 

o' 6S£(^) r=l 
= (PA®M,P^^) = (PxPl^i^Pi^)- 

Thus, (3.6) is a Hopf pairing. It is clear that (3.6) reduces to (3.7) and (3.5). 

Now, the relation {p\Pfj,,Pu) = {p\ ® Pv, A{j)^)) implies that the pairing between any p\ 
and where A and /x have length greater than one, is determined by the pairing between 
Pn of strictly smaller length. It follows by induction that the pairing is uniquely determined 
by (3.5). □ 

For a G Sym^, we will write for the corresponding element of We regard and 
H~ as subalgebras of , H~)^ via the natural maps a"*" i—)■ a#l and a~ i—)■ l#a for all 
a G Sym®^. 

Remark 3.2. The ring isomorphism f2: SymQ —)■ SymQ, pn e-)■ (— l)’^“Vn for all n > 1, is 
an algebra involution. This follows from the fact that f2 simply rescales the variables Pn of 
the polynomial algebra SymQ, and any such rescaling is an algebra isomorphism. We denote 
the induced isomorphisms of SymQ“^ and SymS^ (g) SymS'^ again by f2. 


Lemma 3.3. We have fl(h„) = e„ and fl(e„) = hn for all n G N. 
Proof. The proof follows directly from (3.2). 


□ 
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Lemma 3.4. The map preserves any bilinear form —): H~^ x H —> k for which the 
Px are orthogonal. 


Proof. We have 


Q{px) = Q 


£{P) 

iG/ k=l 


e{y) 

i€l k=l 


Thus, since {px,p^) e Sxtj.Q{q), 

{Q{px),Tl{p^)) = = (Pa,Pm)- ^ 

Lemma 3.5. The map is compatible with the coproduct; i.e. 

A(f2(a)) = f2(A(a)), a G SyniQ^. 

Proof. Since and A are both algebra homomorphisms, we need only prove the claim on 
a generating set, and we choose the hn- Since the coproduct of a bialgebra (in this case a 
Hopf algebra) is an algebra homomorphism, we have 


( n \ n 

hr (8) hn_r j = 6^ 0 Cn-r = A(e„) = A (fl(h„)) . □ 

r=0 / r=0 

Proposition 3.6. The map fl is an algebra endomorphism of the Heisenberg double H~), 

i.e. Vt{aifh)Vt{c4fd) = Vt{{aifh){cifd)) for all a, b,c,d E SymQ. 

Proof. Since {px\x^v^ is a basis for Sym^, a basis for \){H^, H~) is {pA#P/x}A,/xeP^) ^ind we 
only need to prove the proposition for the elements of the latter. We have 


^((PA#Pm)(P^#P^)) = ^ ( X] {{P^,)E{Pu)2)p\{Pu)lifPu:{p^,)2\ 

= ^ {^{{P^l)l),^{{Pu)2))^{P\)^{{Pu)l)if^{PL,)^{{P^,)2) 

= ^{p\ifPii)^{PuifPu,), 

where we have used Lemma 3.4 in the second equality and Lemma 3.5 in the third equality. 

□ 


The following generating functions for the complete symmetric functions, the elementary 
symmetric functions, and the power sums can be found in [Mac95, p. 19-23]: 

(3.8a) E{t) = CrP = ]^(1 + Xit)^ 

r>0 i>l 


(3.8b) 

(3.8c) 


H(t) = ^ hrf = ]^(1 - Xit) \ 


r>0 


i>l 


P{t) = J2Prt^ 1 = 5^ -log 


d , / 1 


r>l 


i>l 


1 — Xit 
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Lemma 3.7. We have 


(3.9) = 6xp I 'y^^Pr 

Proof. We have, by (3.8b) and (3.8c), 


.r>l 


= log(i7(t)), 


/F(i)di=iog(nT^) 

H{t) = exp P{t)dt^ = exp ^ 


Lemma 3.8. We have 


(3.10) 


E{t)= exp 1-^2 


Pr 


-ty 


r>l 


Proof. The proof follows from the fact that E{—t)H{t) = 1, and Lemma 3.7. 


□ 


□ 


4. Symmetric and exterior algebras 

To properly describe our approach to the presentation of quantum lattice Heisenberg 
algebras, we hrst introduce some ingredients used in the construction. For the remainder of 
the paper, we let q denote an indeterminate. 

Definition 4.1 (Graded dimension). Let V = ^ ^ Z-graded vector space over k. 

The graded dimension of V is 


grdim(l/) = ^dim( 14 )g"' G ^[q,q ^]. 


n^'L 


Definition 4.2 (Symmetric algebra). Let IF be a vector space over k. The symmetric 
algebra of W is the quotient algebra of the tensor algebra of W by the ideal X generated by 
the elements a ®h — h ® a, with a, 6 G IF C T{W). This is 


^(IF) = 


{a®h — h® a) 


The k-th symmetric power of IF, S'^(fF), is the image of T^(fF) under the quotient map 
T{W) T{W)IX. 

The generating function for the graded dimension of the symmetric powers of a Z-graded 
vector space V is 


^(‘gTdim(S‘(r)) = n(T3 


k£N 




1 — qH 


( 11111 ( 14 ,) 


(4.1) 
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Definition 4.3 (Exterior algebra). Let W he a vector space over k. The exterior algebra or 
antisymmetric algebra of W is the quotient algebra of the tensor algebra of W by the ideal 
X generated by the elements a® a, with a G IT C T{W). This is 


A(iT) = 


(a ® a) 


The k-th exterior power of IT, A^(iT), is the image of T^(iT) under the quotient map 
r(lT) T{W)IX. 


The generating function for the graded dimension of the exterior powers of a Z-graded 
vector space V is 

grdim (A^(T)) = ■ 

keN n£Z 


(4.2) 


Since our main theorem will involve graded dimensions of symmetric and exterior powers, 
it is useful to have explicit expressions for these. 

Consider the set of functions from Z to N, Let bold Latin characters denote functions 
m G with m(n) = 0 for all but hnitely many n G Z. We then set, for all such m G 
|m| = ||m|| = Xlnez 

/dim(T 4 ) + m(n) - 1\ -p-r /dim(T4 


''=n 


s""\/ = 


m(?7,) 


■''=n 


m(?7,) 


with V a Z-graded vector space of hnite dimension. 

Proposition 4.4. Suppose V is a finite-dimensional "L-graded vector space. Then 
(4.3) grdim(^^(T)) = ^ and grdim(A^(T)) = ^ 

|m|=/c |m|=fc 

Proof. The Taylor series of (1 — q^t)~^ about t = 0, with n G Z, /? G M, is 

-\-m — V 
m 


(4.4) 


(1 - = Yi r'r 


m>0 


Substitution of (4.4) into (4.1) yields 


^t^grdim(^^(T)) = n 


fceN 


nSZ m„SN 


/dim(Ti) 

V 




Comparing coefficients of powers of t gives the hrst equation in (4.3). The proof of the 
second is analogous. □ 

5. Presentations of quantum lattice Heisenberg algebras 

In this section we present our main result on presentations of quantum lattice Heisenberg 
algebras. For n G M, we let [n] denote the quantum integer 


_ g "-g" _ +1 


[n] = 


= g 


+ q-^+^ -f • • • + g"-^ + g"-^ G N[g, g’^]. 
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Note that if we set g = 1 in the last expression above, we obtain [n] = 
for n G N>o. 

Let us consider the pairing 


(5.1) 


{Pn,iy Pm,j) 


Snm[n{i,j)] 



which, by Proposition 3.1, extends to a unique Hopf pairing (—, —) 


n. We dehne [—n] = [n] 


H+ xH- ^ Z[q,q-\ 


Definition 5.1 (Quantum lattice Heisenberg algebra). Let L be the free Z-module on the 
the set {vi}i^i. Let Lx L —)■ Z be a symmetric bilinear form. The quantum 

lattice Heisenberg algebra 1)^ associated to L is the unital Z-algebra generated by qi^n, i ^ I, 
n G Z \ {0}, and commutation relations 




Qn,jQm,i T n Wj )l] 



i,jEl, n, mGZ\{0}. 


Lemma 5.2. With the pairing defined in (5.1), the Heisenberg double i){H'^,H ) is isomor¬ 
phic to the quantum lattice Heisenberg algebra via the map 

Pm,i ^ ^ m G N>o, i G 1. 


In particular, 
(5.2) 


Pm,iPtj = PtjPm,i + Snm[n{i,j)]-^ 


n,me N>o, f, j e 1. 


Proof. We have, recalling (2.2) and (3.1), 
Pm,iPtj = (l#Pin,i)(Pn,i#l), 


iPn,j ) 


— “1“ (I7 “1“ (1? (Pm,27 Pn,j) 1^1? 

~ Pn,jPm,i L PnjfidmO + dQnifPm,i + ^nmfi{iy j)]j^y 


□ 


The following two theorems give presentations of the quantum lattice Heisenberg algebra 
in terms of the complete and elementary symmetric functions. 


Theorem 5.3. The Heisenberg double ^{H^,H ) is generated by the complete symmetric 
functions {hf,h~}n£K, with relations 

min(m,n) 

KqKn,i= 5^ grdim(5^(H))h+_^ih;;_^j z/(f,j)GZ>o, 

r=0 

min(m,n) 

K,Ai= */(bj)eZ<o, 

r=0 

where Vis a Z-graded vector space such that grdim(H) = [{i,j)]. 
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Proof. For notational convenience, let x •= (f j)- First set 

k 


^(0 := •= J2pK 


k>l 


k>l 


U 

■^~k 


Now, by Lemma 3.7, we have 


= exp(S) exp (A). 


Let ns calculate 


n,m>0 




,A:>1 


,r>l 


r 

k/^r 


,r>l 


_ W" 

l^Pko^ 

,k>l 


J2^Pk,jPr—Pt,Pl,j)^ 


fc,r>l 
(5.2) 


k 


[kx] 


if X G Z>o, 


k,r>l '■ J k>l '■ ^ 

yy (ujCP q-^x qkx 

^ (a;Ofc(-l)-fcx+l (_^)-fc(-x)_(_g)fc(-x) -r J 

_2^k>l k (-q)-'=-(-q)'= X ^ ^<0- 

For any two operators A, B, it is routine to prove (see, for example, [Nak99, Lem. 9.43]) that 
as long as [A, B] commutes with both A and B, then 

(5.3) exp(i?) exp(A) = exp([i?, A]) exp(A) exp(S). 

We have 


[5,71] = 






a;C)* 


if X e z>o, 


- Ei>. ELF" |(-9i-<>-P»+‘)c..C)‘ if X e z<0, 

log (nyo(i “ if X e Zjo, 

log fng=o~^(i + if X e z<o. 


\T.s,t>oKiks,3^"C]Yg=l{^-(l^ (29+1)^^) 1 if;^eZ>0, 

E.,i>0 n3=o”^(i + if X e z<0. 


By (5.3), we have 

n,m>0 L 

Now, since grdim(B) = [x] = we recall (4.1) and (4.2) and thus write 

_ , + n^m ^ f Es,t>o Efc>o(^C)''grdim (5^(17)) if x e Z>o, 

n^o \E.,t>o^M^s':i^'C*Efc>oK)''grdim(A^(l/)) if x e Z<o. 

Upon comparison of the coefficients of u(, we hnally arrive at 

. - hEr,i^n-r,i grdim(^’’(U)) if x e Z>o, 

nj m,* 1 ifxez<0. 


□ 






INTEGRAL PRESENTATIONS OF QUANTUM LATTICE HEISENBERG ALGEBRAS 


11 


Theorem 5.4. The Heisenberg double ) is generated by the complete and elemen¬ 

tary symmetric functions {hf,ef}n<=N, with relations 

mm(m,n) 

^nA^= . zf{i,j)eZ>o, 

r=0 

min(m,n) 

r=0 

where Vis a Z-graded vector space such that grdim(l^) = [{i,j)]. 

Proof. The proof is the same as that of Theorem 5.3, but with 

AC):=EpLt. ° 

fc>l k>l 

Remark 5.5. We can obtain presentations in terms of the generating sets and 

{ef, hf}n£n immediately by considering the algebra endomorphism hi of Proposition 3.6. 

Remark 5.6. Since the presentations of Theorems 5.3 and 5.4 are in terms of the hn and 
Cn which generate Sym over Z, they in fact yield integral forms of the quantum lattice 
Heisenberg algebra. It is for this reason that these generating sets are important in cate- 
gorihcation. In fact, the presentations given in Theorems 5.3 and 5.4 correspond to those of 
[RS, Prop. 5.5]. However, since the power sums do not seem to have a natural interpretation 
in the categorical setting of [RS], the connection to the presentation in terms of power sums 
is not given there. 


Integral presentations of quantum lattice Heisenberg algebras have been considered pre¬ 
viously. For example, in [CL12, §2.2.1], the authors considered such presentations, but with 
the restriciton that ((z, was an extended Cartan matrix of type ADE. In their paper, 

they define elements ai{n), p[”^\ and of the lattice Heisenberg algebra, related by the 
equations 


[ai{m),aj{n)] 


6m-n[n{i,j)] 


n 


n 



n>0 




The connection to the notation of the current paper is given by 



h +. 0^”^ = h~ ■ 


anm 


m 


m 


Pn,i if e Z> 0 , 

Pm,i if e Z<0. 


Thus, the results described in [CL12, §2.2] are specific cases of Theorem 5.3 and Theorem 
5.4. However, because of the restricted setting, [CL12] treats only the case where {i,j) is 
equal to 0, 1, or 2, instead of an arbitrary integer as in the current paper. In addition, the 
authors of [CL 12] do not consider the algebra from the Heisenberg double point of view, and 
so their proofs are different. 
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Setting q = 1 corresponds to the vector space V appearing in Theorems 5.3 and 5.4 being 
concentrated in degree zero. Under this specialization, Theorem 5.3 recovers [Krn, Lem. 2.1]. 
Note however, that the Heisenberg donble approach of the cnrrent paper simplihes the proofs 
considerably. In particnlar, the second part of the proof of [Krn, Lem. 1.2], where the anthor 
shows that no fnrther relations exists between the generators, is an immediate conseqnence 
of the definition of the Heisenberg donble and Lemma 5.2. 

The quantnm lattice Heisenberg algebra and its nonqnantnm q = 1 specialization are 
treated from the Heisenberg donble point of view in [RS15b, §7 and §8], respectively. How¬ 
ever, as in [CL12], explicit presentations are only given when (i,j} is eqnal to 0, 1, or 2. 
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